We show that all ,/Y' spaces (self-dual solutions of the complex Einstein vacuum equations) that admit (at least) one Killing vector may be gauged in such a way as to be divided into only five types, characterized by the type of equation which determines their potential function. In four of these types we show that this knowledge is sufficient to reduce the requirement of being an cW' space to a linear equation whose solutions are well known. The fifth case is reduced considerably and a large class of special solutions is given.
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I. INTRODUCTION
This paper is a continuation of our studies on the structure of heavens CW spaces). We recall that these dr' spaces are solutions ofthe complex vacuum Einstein equations with a Riemannian curvature whose anti-self-dual part vanishes. These spaces have been studied extensively (by different approaches) by groups associated with Newman,' Penrose, ' and Plebanski.] We follow here the notation and approach of Boyer and Plebanski. 4 In coordinates 1 X,Y,U,v I, all jf' spaces may be thought This is clearly a difficult equation, whose general solution is not known, although many interesting families of solutions are in fact known. 5 -7 It has also been shown 4 that the general solution is determined by two arbitrary functions of three complex variables.
Quite often in the past, solutions of Einstein's equations have been generated by the desire to have particular symmetries. Therefore, it is very interesting to better understand the relation between the solutions and the allowed Killing vectors. In Ref. 8 a single master equation has been given which gives the required correlation between the potential Band any allowed Killing vector. However, as is usual in problems in general relativity, the quantities in it may be subjected to various gauge conditions. This fact causes unknown functions of two variables to appear in the master equation which, in any given case, could be gauged away. In particular, we know that there are certainly not more than ten Killing vectors in our (four-dimensional) space even though there appear to be arbitrary functions in the master equation. These functions merely indicate the gauge freedom available in determining a space by giving a potential B in a specific set of coordinates, Therefore, in this article we first look in detail at the group of gauge transformations 9 which leave invariant the form of the tetrad in an dr' space and, thereby, the form of all results obtained from it. Then we utilize these gauge transformations to separate out the distinct kinds of single Killing vectors allowed, This is basically a quotient of the infinite group of symmetries of the manifold possessing a single Killing vector by the infinite group of gauge transformations, This quotient results in ajinite number of distinct types. We then consider, in turn, each of these types and find the constraint which the existence of a single Killing vector of the type specified puts on the potential function. Incorporation of this information into Eq. (1.1) allows an explicit determination of the class of allowed solutions in all cases but one. We show how these solutions may be determined and discuss in some detail the one irresolvable case. In each of the cases we point out the (complex) Petrov types which are allowed. We also show that this is very closely related to current questions of interest involving Yang-Mills and gravitational instantons.
II. TETRADIAL GAUGE TRANSFORMATIONS IN ,;,y

SPACES
One of the most useful facts about an .'tf' space is that it admits two congruences of totally null (two-dimensional) surfaces. These congruences determine complementary foliations of the total W' space, providing us with three natural coordinatizations, each of which is most conveniently expressed in a (two-component) spinor formalism. Since each of these sets of coordinates will be useful, we will describe them here, their relation to each other, and convenient tetrads formed from them.
We denote the 2-form describing one of these congruences of totally null surfaces by~, which must be closed and simple. Therefore we may pick a pair of coordinates q A which label the leaves of this congruence (2.1) Similarly, the other congruence, X, allows us to have another pair, qB' such that
(The spinor indices are raised and lowered via E AB and E AB as usual. 3,,) These two congruences completely determine the space, so that (2.3) which says that the two pairs qA' qB form a coordinate system for the space. 3, 4, 10 We may express the metric g in terms of the symmetric tensor product of coordinate I-forms, a null tetrad basis, or a spinor basis of I-forms: where the notation X ,is consistently used for ax / aqA.
It is convenient ~nd natural to choose a tetrad which takes advantage of the fact that these congruences are integrable. We therefore find two different tetrads to be of use:
Noting that p AB itself may be considered as an element of SL(2,C), and looking at the complex Lorentz transformations as SL(2, C) ® SL (2, C), we see that these two tetrads are related by the complex Lorentz transformation generated by pA Bin SL(2,C) and the identity in SL(2,C). In the two cases, then, we may, as well, work out the usual (nUll) bases for anti-self-dual and self-dual 2-forms:
This choice of tetrad also has the very convenient feature that r AR = 0, by virtue of the above anti-self-duaI2-forms all being closed. We see that these two tetrads are related by the complex Lorentz transformations generated by pA Bin SL(2,C) and the identity in SL(2,C). 
We now wish to point out that any spin or coordinate q A' maintaining ~ ex: dqA 1\ dqA is as good as any other. Therefore we wish to consider a transformation' to new param-
which is only a relabeling of the leaves of the congruence. Since the particular form of the tetrad has been important in the derivation and final form of both the equation which the potential 8 satisfies and the master Killing equation, we endeavor to determine a new set of affine parameters for each leaf which will maintain this form. It is well known, of course, that affine parameters are only defined up to linear transformations. However, there is no reason why the linear transformation in question might not be different for each leaf. With this motivation it is easily seen that the desired transformation properties for the coordinates pA are given by (2.14b) where the a R are arbitrary functions of the qA' only. The set of equations given by (2.14), when inserted into Eq. (2.11) for the tetrad show that this is the gauge group of transformations which are generated by the relabeling hypothesis in Eq. (2. 14a) and which preserve the form of the tetrad. How-ever, we had also arranged for the r AB to vanish. This is a very reasonable choice and should be maintained by this transformation. In order to determine this constraint we calculate the SL(2,C) ® SL(2,C) (complex Lorentz) transformation generated by the transformations (2.14). They are easily expressed by the transformation properties of the S AB andS
where h !~ q.H. Since
it is clear that the necessary and sufficient condition to maintain r ' RS = 0 is that Ll and h should be constants. We therefore re-collect the transformation equations here with that proviso, denoting Ll and h now by Llo and ho Pq'H' where the degrees of freedom are given by
arbitrary function of q' R and two constants Llo and h o '
The transformation laws can be completed by noting that the potential function 8 transforms in the following way: 
III. CANONICAL FORMS OF MASTER KILLING VECTOR EQUATION
We now recall the master Killing equation from Ref. 8, adapted to the special case of an JY space. Any allowed Killing vector may be written in the form
where ao, Po' Yo are constants while qJ and l7 are arbitrary functions of qA only. In order for a manifold to permit any particular Killing vector the potential function e must satisfy the master equation
where t/J and 1] are some new arbitrary functions of q A only, while A is a higher-order potential function, defined by
whose existence is guaranteed by the heavenly equation (2.12). These constraint equations guaranteeS the satisfaction of the complete set of Killing equations, which can most easily be written for our purposes in spinor form I I (where KBB = -! g BBUK a with Ka being the components of the Killing I-form) 'ilAAKBB=EABIAB+eABIAB' (3.4) where I AB and lAB are symmetric and satisfy the constraints
(3.Sb)
Equations (3.S) tell us that I BC and I BC are very important in the description of our Killing vector. In particular Eq. (3.Sb)
shows that I Be must be constant in an JY space. Our solution, determined by Eqs. (3.1) and (3.2), of course already satisfies this constraint, but it will nonetheless be of considerable use to us,
There is of course a matrix I Be for every Killing vector allowed by a particular solution. Under an arbitrary SL(2,C) gauge transformation, L R A' IBe transforms as a pure spin or quality, Note that the fact that I Be is constant is quite important here because we must look only at constant SL(2,C) gauge trans- . However, we also consider now the possibility of starting with the coordinate system !pA ,ij R I based on X. A completely analogous set of tetradial gauge transformations based on X is generated by
Clearly an arbitrary product of if R,4 We now show that the terms due to the functions 1/J and 1] in Eq. (3.2) are completely gauge dependent, i.e., they can always be gauged away. To see how this occurs, as well as some other gauge transformations we will need, we include here the transformations of the quantities qJ, a, etc. which appear in the master equation. These transformations are of course defined in such a way that the equations (3.1) and (3.2) remain/arm invariant under the gauge transformations of Sec. II. Under the assumption that a o has already been transformed to 0, we obtain
8'R=DR
A fjA' We have thus shown that the arbitrary functions of two variables appearing in the master equation had two roles. One was to simply allow for all the possible gauge freedom in choice of coordinates and potential function 8. The other much more important function was to distinguish these five types (six if you also include the possibility of the nonadmissibility of any Killing vector). That is, the "quotient" of the two (infinite) gauge groups is finite.
IV. APPLICATION TO THE HEAVENLY EQUATION
We now proceed to show that the knowledge that a manifold admits a Killing vector allows one of course to determine a form for 8 in terms of a function of only three variables and that this information inserted into the heavenly equation (2.12) is sufficient to allow a determination of all such functions 8 in cases I and II. In case III the equation simplifies but still does not yield completely, as will be indicated.
Case la evidently has a simple solution-that 8 is independent of one of the labeling variables, ~. Arbitrarily we pick that one to be v. Since this breaks the spinor symmetry we write the corresponding version of Eq. (2.12) in the form given in Eq. 
which implies Ip(ux, y, v), (4.10) where P = P(z,y,v) must satisfy the equation (4.11 ) We have now presented the reductions obtained by the requirement that the cW" space admit (at least) one Killing vector. There are only five distinct cases. Four of those have already been reduced to linear equations whose solutions are well known. The other one still has irresolvable nonlinearities. We will soon demonstrate considerable simplification of the form ofEq. (4.11). However, it is worth pointing out first that it can be solved in the event that there is no dependence on v. In such a situation we would have two Killing vectors labeled by uJIJu andJ IJv in thecoordinatesz,y, v, u. In this case Eq. (4.11) may be considered without the P yV terms. Writingp P Y ' q P z the equation is equivalent to the vanishing of the pair of 2-forms dp 1\ dq + zdy 1\ dq -qdy 1\ dz = 0, (4.12) dp 1\ dy + dq 1\ dz = O. (4. 13') This equation is well known 13 and integral representations of the solutions are discussed in Ref. 14.
In the more general case where dependence on v is allowed, we first rewrite Eq. (4.11) in terms of 3-forms, when r_Py 's P z : dr 1\ ds 1\ dv + dr 1\ dy 1\ dz -zds 1\ dy 1\ dv -sdy 1\ dz 1\ dv = 0, (4.14)
dr I\dy I\dv + ds I\dz I\dv = O.
Setting r = -dr + sdv -zdy, we see that the first of this pair of 3-forms is simply r 1\ dr. Therefore, Frobenius' theorem guarantees us the existence offunctions F, G of y, z, v such that r = FdG. In terms of these new functions Eqs.
(4.14) become
Rewriting the second of Eqs. (4.14), first in terms of r, and picking G, z, v as independent variables, this pair is equivalent to (4.16) Writing F = e H our constraint equation is now simply the equation
The general solution of this equation is not known. However a large class of solutions is determined by requiring the two parts to vanish separately. The general solution in that case is given by both of the two forms given below:
where h, m, I, k,j and n are arbitrary holomorphic functions of one variable. This set already includes solutions of all possible Petrov types. Lastly, with respect to the general solution of Eq. (4.11), the general theory of Cartan 15 may be applied to construct the regular integral manifolds that are appropriate to it. In this way we determine, at each step, their arbitrariness; that is, we are able to determine on how many arbitrary functions of how many variables the general manifold depends. To do this we start with the pair of I-forms generated by r and the definitions of rand s given just prior to Eq.
(4.14), namely r = P Y ' s = P z ' and, as well, W = P,,:
An integral manifold is a submanifold of Euclidean ninedimensional space on which these two Pfaffian I-forms vanish. The procedure 16 is given in detail in Ref. 15 and is straightforward. We simply note here that the result is that the general solution of Eq. (4.11) depends on two arbitrary functions of two complex variables. [This clearly includes, as a special case, the special solutions given in Eq. (4.17) which depend on three arbitrary functions of one complex variable.]
V. CONCLUSIONS
This problem was generated by an attempt to factor out the gauge dependence of the form of the Killing vectors in an arbitrary cW" space, in an attempt to uncover the underlying geometry. This effort was successful in that we were able to show that all cW" spaces which admit (at least) one Killing vector can be divided into only five distinct types in which the majority of the gauge freedom has been removed. In each of these types there is a simple first-order linear partial differential equation which is the mechanism whereby a symmetry is permitted into the functions which define the geometry. When this symmetry is entered explicitly into the heavenly equation (which determines that the manifold is an JIr space) a specific equation is obtained which determines all possible spaces with the specified symmetry. In four of these cases (those in which the Killing equation explicitly depended only on the derivatives of e, rather than e itself) we were able to reduce the problem to the solution of a known linear differential equation. This is therefore a complete exemplification of all such solutions since whichever particular solutions of these linear equations are desired may be used, or the known general integral representations may be used.
In the last case an irresolvable nonlinearity remains. We have given a number of different kinds of solutions for it even though the general solution has not been reduced to known quantities. In addition we have shown that its general solution depends on two arbitrary functions of two complex variables.
Finally we would like to point out that there is a very intimate relation between these $" spaces and gravitational instantons. It has already been shown by Tod l7 that the general self-dual Yang-Mills equation can be put into a form which is basically the same as our heavenly equation [see the form in Eq. (2.12)]' In addition there has been much interest lately in the general problem of gravitational instantons.
18
Such objects are simply Euclidean slices of an JY space with appropriate topological properties. Since our approach to JY'spaces is local a number of explicit calculations must still be done to determine these Euclidean slices and to confirm the desired topological properties. However, with the explicit linear equations given here this should be a relatively straightforward matter. Additionally we mention that the topological quantity of most interest is an integral over the entire manifold of the quantity CABCDCABCD, which should be of the form of a divergence for such calculations. It is trivially seen from Eq. (2.13) that, in terms of the potential function e,
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APPENDIX A: SWITCHING NULL CONGRUENCES
We show a method which allows for calculation of the coordinatization based on one congruence ofnulI surfaces, given the other. In particular, suppose that we are given a complete description based on~: Coordinates q A which label the leaves of ~, affine parameters pA along them, and e = e (qA ' pB) which determines the metric. Then we desire to obtain labels for the congruencef, qB = qB(qC ' pD) and a function fl = fl (q A,q B) satisfying the constraint equation (2.5). To do this we note that, in the fl approach, the tetrad based on ~ has cr 2 = 2 J/2(a laqA) and therefore criij B = O.
But the tetrad is the same in the e-form. Therefore our requirements may be stated in the following way. We desire to find functions ij H satisfying 2 1/2cr2ijH=(a;A + QAC a;cijB) =0.
(AI)
In general there is no reason to believe that there would exist two independent solutions to this pair of first-order equations. However, the integrability conditions are easily shown to be simply the Eq. (2.12) which e must satisfy in order to produce an/( space. Therefore, there always exist two independent solutions of this pair of equations. In determining the ij n it is to be noted that they are, of course, only well defined within a canonical transformation among themselves. This freedom will express itself in the arbitrary functions which come into play in the solution of these first-order partial differential equations. Since each of Eqs. (A 1) consists of partial derivatives with respect to three different variables, it follows that there exist a pair C. j (q II' pC) of characteristic variables such that ijn = F n (C 4 ) , where the FII are arbitrary holomorphic functions of two variables except that they must be chosen in such a way that det [(F II) = -ep,p.,[qopD(q"., ijl)] and integrate this to determine an fl, noting that two choices of fl which differ by a term of the form/(qA) + g(ij/l) generate the same metric and therefore are to be considered equivalent.
Once one has an fl = fl (qA ,ij B) the construction of P and e (fiA ,ij B) is completely straightforward via the tilded versions of Eqs. (2.9) and (2.10). See also Appendix B for a description of how the Killing vectors (in flat space as an example) are correlated in the three different descriptions.
APPENDIX B: FLAT SPACE HEAVENLY KILLING VECTORS
These Killing vectors are given here simply as a complete set which can generate some intuitive feeling about the physical meaning of the parameters in the Killing master equation. We pick e = 0 which generates flat space in local Minkowski coordinates. We note that a reasonable choice of identification with the usual x, Y, z, t coordinates is 
where AOAII is symmetric. Therefore there are exactly ten independent parameters, as desired. 1a) .] There are two more subalgebras, which are not Abelian but which do commute between themselves, generated by ! a(), Pw Yo I and A/ H respectively. We take the usual Lie algebra of the homogeneous Lorentz group in terms of the generators of rotations. ,Y' = xXV. and boosts. % = x(JIJt) + tV. which form the components of a skew 4 X 4 matrix of I-vectors. L lll ,. where Lij = Cijk2'\ Li4 = <5Y i . We then expand this matrix in terms of the basis of (self-dual and anti-self-dual) 2-forms (B3) Then we may easily characterize these two (commuting) subgroups. They are simply those generated by Ao ABL ABcorresponding to the generator % -i.5t ' -and l,i.E L,i.E- corresponding to % + i.5t ' -where l,i.E 
we find that Killing's equations split into three sets: and F and G are higher-order potentials obtained by noting that the constraint equation on fl is completely equivalent to the assertion of the existence of two arbitrary functions F and G such that flij" flq 'i/' = qA + Fq' or flq, flq 'qn = ijB + Gej '" (BlO) The fl that corresponds to e = 0 (via the approach de- 
